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Abstract 
We have discussed the relationship between the structural vacancies and anomalous transport properties of stable Al-based quasicrystals, 
taking into account the anomalous transport mechanism in quasicrystal-like state and experimental data for stable Al-based quasicrystals by 
positron annihilation methods. It is suggested strongly that the covalent bonding nature, which is induced by the structural vacancies, and high 
sp-d hybridization relate with the enhancement of the pseudogap near the Fermi energy EF. 
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1. Introduction 
Since the discovery of icosahedral quasicrystals (i-QCs) [1], extensive studies of i-QCs have been devoted to clarify their 
structures and electronic transport properties. Unlike crystalline and amorphous metals, stable icosahedral Al-based quasicrystals 
exhibit anomalous 'non-metallic' properties [2-4]. The term 'non-metallic' means a high electrical resistivity and its large negative 
temperature coefficient. Especially icosahedral Al-Pd-Re quasicrystals are known to exhibit semiconductor-like and even 
insulator-like electronic transport properties [5]. These characteristics might have been explained by a combination of a Hume-
Rothery pseudogap in the electron density of states at Fermi level (EF) and localization tendency of those electrons near EF [2-4]. 
But the origin of anomalous electronic transport properties has not been confirmed so far. Kimura et al. have suggested that the 
origin of the pseudogap in the Al-based icosahedral QCs lies not only in the Hume-Rothery mechanism but also in the covalent 
bonding nature of an icosahedral cluster [6]. According to the ab-initio molecular orbital calculation, an 12-Al icosahedral cluster 
with a vacant center shows more covalent bonding nature, whereas that with a center atom has more metallic bonding nature [7]. 
Kanazawa and coworkers [8-26] have studied the structural vacancies and their relations to the anomalous properties of QCs and 
their approximant crystals (ACs) by positron annihilation methods. In this report, we will discuss the relationship between 
structural vacancies and the anomalous 'non-metallic' transport properties in Al-based QCs, taking into account the positron 
annihilation data and extending the anomalous transport mechanism. 
2. Relationship between structural vacancies and chemical bonding nature 
 Kimura et al. [6] have indicated that the vacant centers of the icosahedral clusters plays an important role for stabilities and 
chemical bonding nature of clusters. Molecular orbital calculations have shown that an 12-Al icosahedral cluster without a center 
atom shows more covalent bonding nature, whereas that with a center atom has more metallic bonding nature [7]. Kirihara et al. 
[27,28] have reported the variation of bonding strength in intra- and inter-Mackay icosahedral cluster in Al-based icosahedral 
ACs by the maximum entropy method (MEM). They have clarified that 12-Al icosahedral cluster, of which the center of the first 
shell of cluster is vacant, have covalent bonding nature while 12-Al icosahedral cluster with a central transition atom have 
metallic bonding nature, as shown in Figure 1. [27,28] 
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                                                     (a) Al12Re (0.35e/ Å3)   (b)AlReSi (0.35e/ Å3) 
 
Figure 1. Electron density distribution of (a) Al12Re and (b) AlReSi approximant crystals, analyzed by MEM/Rietveld method. The 12-
Al icosahedral cluster of Al12Re has a center atom of Re. The electron density is spread over the whole cluster, that is, metallic-bonding 
nature. On the other hand, the center of 12-Al icosahedral cluster of AlReSi is vacant. There exists covalent bonding between the atoms, 
that is, covalent bonding nature. [27, 28] 
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Figure 2. Positron lifetimes, 2, of the intermetallic compounds in the defect-free state [29] (closed diamond) and mono-vacancy in the 
intermetallic compounds [29] (open diamond). For comparison, positron lifetimes in the defect-free state in pure metals [30] (closed 
circle), Al-Pd-TM (TM: Mn, Re) quasicrystals [12, 14, 26] (closed inverse triangle) and Al-based approximant crystals [20,26] (closed 
triangle and square). The solid lines are drawn to guide the eye.  
 
The observed positron lifetime spectra in Al-based QCs and ACs are composed of a single lifetime component, 2, which vary 
from 186 to 215 ps. To discuss the difference among the defect-free lifetimes and the vacancy lifetimes, we plotted the positron 
lifetimes 2(ps) vs. mean-valence-electron-density V (e-sp,d/nm3) in Figure 2. In pure-metals, 2 decreases with increasing V (the 
solid line). Similarly 2 of the intermetallic compounds decreases with increasing V (the dotted line). The bulk lifetimes 2 in the defect-free state gradually decrease with increasing V, because the positron is annihilated with valence electrons and not core 
electrons in the inter-atomic spaces. Very interesting point is that 2 of Al-based QCs and their ACs [12,14,20,26] except for the Al12Re AC [26] are located nearly on the dashed line, where 2 of mono vacancy in the intermetallic compounds are located. This 
indicates that the 2 in Al-based QCs and their ACs correspond to structural mono-vacancy, which is consistent with the MEM/Rietveld analysis data of the Al(Mn,Re)Si ACs [27, 28]. Thus, the most plausible candidate for the positron trapping sites 
is the vacant center inside the first-shell of Mackay-icosahedral clusters. On the other hand, Al12Re AC, which has no structural 
vacancies [28] is distributed slightly above the curve of pure-metals [26]. 
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Figure 3. Schematic illustrations of the mechanism of forming a pseudogap. With an atom inside the clusters, the electronic density of 
states indicates a metallic bonding nature. There is a broad peak near the Fermi level. On the other hand, with vacancy inside the clusters, 
the electronic density of state forms deeper pseudogap. 
 
3. Relationship between structural vacancies and anomalous transport properties 
 Now we shall consider the relationship between the structural vacancies and the anomalous transport-properties in Al-based  
QCs, extending the previous mechanism [31, 32]. As shown in Figure 3, the low concentration of carrier near the Fermi energy is 
created through the low hopping rate tij  
between neighboring clusters, in which the covalent bonding nature is induced by the 
structural vacancies such as vacant centers in Mackay icosahedron. In addition, the role of hybridization between the d and sp 
orbitals near EF in the transport property is of significance, since very high resistivity and its strong negative temperature 
dependence have been observed only in stable Al-based QCs containing transition metal atoms [33, 34]. 
 One (I.K.) of the present authors [31, 32, 35, 36] has considered the transport property in the randomly distributed system of the 
correlated configurations (the aggregation), in which the nearest distance between each configuration is Fk22  (the 
quasicrystal-like state). The quasiscrystal-like state is regarded as the system composed of the Gaussian correlated distribution of 
the icosahedral cluster such as the Bergman-type and the Mackay-type, which includes Fk2 -phase shift scattering. In the 
quasicrystal-like state, we shall consider the effect of the Fk2 -phase shift scattering by the randomly distributed aggregation 
composed of correlated N  number of configurations such as the prolate and oblate rhombohedra, in which the nearest distance 
between each configuration is ~ Fk22 , in the Feynman graph of Langer-Neal correction with thermal Green function technique. 
When the d orbitals of the transition metal atoms located in unit-cell configurations are coupled with sp antibonding states, the 
partial density of sp states is increased below the EF which is in the quasi-gap. The Fk2  phase shift scattering induces the strong  
density wave of sp electrons with wave length ~ Fk22 . When the high density region of the standing wave occupies on the 
transition metal atom, the sp electrons hybridize more strongly the d orbitals of the transition metal atoms located in the 
configuration. Thus, Fk2  phase shift scattering and the sp-d hybridization are much correlated to each other. In this case, 
2
,spdi VNn  is large value, where the matrix element spdV ,  represents the sp-d hybridization, and in  is the density of the 
aggregation, which is composed of N  number of configurations connected with distance ~ Fk22 . That is, , is the inverse of 
the lifetime of sp electron wave due to the sp-d hybridization scattering. The aggregation might be identified with the icosahedral 
cluster such as the Bergman type and the Mackay type. N depends on the material type. When the system is amorphized or many 
defects are introduced, the aggregation, which is composed of N  correlated configurations connected with the distance ~ 
Fk22 , is broken. As a result, the value of  will decrease remarkably. Performing an average over the position of the 
icosahedral cluster, we assume the potential of the icosahedral cluster as a random quantity having a Gaussian -correlated 
distribution. 
The propagator ),( lq  of the Fk2  phase shift scattering with the sp-d hybridization can be introduced as follows: 
),(1
),(
l
l q
q
                                                                               
(1) 
 
Here l  is Tl2  ; l  is an integer.
 
 
The thermal Green function ),,( nkD  ( ,)12( Tnn  where T  is the temperature) is given by 
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Here kk  and mk /  and Fkˆ  is the vector of the Fermi momentum. 
 
 The integration over d  is over the angle of . If 0)( lnn , ),( lq  is evaluated for small q  and l  as follows: 
ll Dqq
212),(                                                                       (4) 
 
Here dD F /
2  is the diffusion constant. F  and d  are the Fermi velocity and dimension of the system, respectively. Thus 
),( lq  is represented as follows:  
ll Dqq
2221),(                                                                         (5) 
 
By using ),( lq ,the replacement il , and the Green functions )(kD , we can estimate the conductivity:
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The Fk2  phase shift scattering with the sp-d hybridization by correlated clusters influences the thermal Green function 
approximately in the lowest order as follows:  
1
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where 
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and where 
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),( lqD  is the particle-hole correlation function (the diffusion mode), and is represented by 
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and since q  and l  are small, ),(),( lnln qkDqkD  for k  ~ Fk , and n  ~ 0 is represented as ~ 
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Doing analytic continuation, i , of ),(~Im nkD , the spectral function is represented by 
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 is much larger than 
)(~)Re( 21 bandwidthWk , the pseudogap will grow clearly near the Fermi energy in the spectrum function. 
As shown in Figure 3, the low concentration of carrier near the Fermi energy and the low hopping rate between neighboring 
clusters introduce the narrow carrier-band. This effect is derived from the covalent bonding nature, which is induced by the 
structural vacancies. 
That is, the covalent bonding nature reduces the electron band width, W , and higher sp-d hybridization, 
2
,~ dspV , induces a 
higher value of 
l q l
n Dq
T 2)sgn(4 . This suggests strongly that the covalent bonding nature, which is induced 
by the structural vacancies, and high sp-d hybridization relate with the enhancement of the pseudogap near the EF. 
Defining 21L ~ 2
1
21 )(D , we can introduce the anomalous correction 21  to the conductivity in the three-dimensional 
system by 21  as follows: 
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In the case of 0n  (the case of 0n  can be treated similarly) each summation over l  in equation (7), (8) and (9) is 
evaluated as follows:  
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In the region of low temperature, that is 0T , the temperature dependence of 21  is given as 
43
21 T . More exactly 
we must calculate the conductivity self-consistently, taking into account higher order contributions. Predicted 43T  dependence 
for 21  in eq.(16) fits well the electrical conductivity of Al-Pd-Re, Al-Cu-Fe, and Al-Cu-Ru quasicrystals in the metallic 
regime in the low temperature region [35, 36]. The present analysis suggests strongly that Fk2  phase shift scattering with the sp-d 
hybridization in quasicrystal-like system, which is composed of clusters with structural vacancies, is one of the important 
conducting mechanism of Al-based stable quasicrystals. Finally, it is seen that eq. (16) in this paper is the same as eq. (9) in Ref. 
[36]. However the spectrum function in eq. (14) and subsequent discussions about the relation between the pseudogap and 
structural vacancies in this paper are of significance, and are not described in Ref. [36]. 
4. Conclusion 
In the relation plot between positron lifetimes and mean valence electron densities, it is indicated that the group of a single 
lifetime component, 2, of Al-based QCs and their ACs except for the Al12Re AC are located nearly on the line, where 2 of mono-
vacancy in the intermetallic compounds are located. It is suggested strongly that the covalent bonding nature, which is induced by 
the structural vacancies, and high sp-d hybridization relate with the enhancement of the pseudogap near the Fermi energy EF. The 
present anomalous conduction mechanism, taking account of the effect of structural vacancies, explains well experimental results 
of the electrical conductivity of Al-Pd-Re, Al-Cu-Fe, and Al-Cu-Ru quasicrystals. 
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